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Abstract This paper is ﬁrst devoted to present our method for modeling unresolved magnetic structures
in the Milne-Eddington inversion of spectropolarimetric data. The related deﬁnitions and other approaches
and diﬀerent used inversion algorithms are recalled for comparison. In a second part, we apply our method
to quiet Sun data outside active regions. We obtain the quiet Sun photospheric magnetic ﬁeld as composed
of unresolved opening and connected magnetic ﬂux tubes, which form a loop carpet of ﬁeld lines. We
then analyze the spatial correlation, which we also observed for the magnetic ﬁeld vector, in terms of ﬂux
tube diameter, distance, and ﬁeld strength. We ﬁnd that diﬀerent observations with the Zurich imaging
polarimeter and THEMIS polarimeter mounted on the THEMIS telescope give very close results, and we
add results also very close derived from HINODE/Solar Optical Telescope/spectropolarimeter observations
analyzed with the same method. We obtain a mean ﬂux tube diameter of 30 km, a mean ﬂux tube distance
of 230 km, and a mean ﬂux tube magnetic ﬁeld of 1.3 kG.
1. Introduction
The existence of unresolved structure of the solar magnetic ﬁeld is obviously to be expected. First insight
in this veiled domain was done in a pioneering and visionary work by Stenﬂo [1973], who revealed the exis-
tence of scattered sharp magnetic ﬂux tubes by comparing polarization observations in two lines formed at
the same depth in the atmosphere, but of diﬀerentmagnetic sensitivity. From the observation interpretation,
he concludes that the solar network is permeated by ﬂux tubes of about 2 kG and diameter 100–300 km.
This structure was conﬁrmed by further observations that we report in detail in section 4. On the other hand,
network bright points were put in the same category as magnetic ﬂux tubes, and ﬁrst measurements of their
diameterwasperformedat thePic-du-Midi byMullerandKeil [1983]whoobtain160km. Thedistancebetween
two ﬂux tubes is a complementary datum, which was not clearly determined in all these works. In the present
work, we propose new determinations of these two quantities, which are ﬂux tube diameter and distance
between ﬂux tubes, from inverted spectropolarimetric observations and their spatial correlations. Our obser-
vations are not located in the network but in the internetwork instead as the recent work by Stenﬂo [2011],
who derives there a sharper ﬂux tube diameter of 26–50 km.
The results we present here are directly derived or associated to the results presented in Bommier [2011],
where the quiet Sun magnetic ﬁeld appears as an organized structure with not independent ﬁeld strength
and inclination with more vertical stronger ﬁelds and more horizontal weaker ﬁelds. This suggests that the
photospheric internetwork ﬁeld has the structure of scattered narrow ﬂux tubes composed of vertical ﬁeld,
which weakens in opening—widening with individual ﬁeld line bending—with height. In other words, the
quiet Sun magnetic ﬁeld lines form a loop carpet as also proposed from observations by Martínez González
et al. [2007, 2010].
In Bommier [2011] we also reported spatial correlation results for the magnetic ﬁeld inclination and azimuth.
We realized that themagnetic ﬂux tube typical diameter can be easily derived from the correlation length and
from themagnetic ﬁlling factor, which was also derived in Bommier [2011] following themethod described in
Bommier et al. [2009] based on the weak ﬁeld laws, independently of the UNNOFIT inversion applied to deter-
mine the magnetic ﬁeld. Bommier et al. [2009] present quiet Sun observations made with the Zurich imaging
polarimeter (ZIMPOL) polarimeter mounted on the THEMIS telescope, whereas Bommier [2011] concerns
quiet Sun observations made with the THEMIS polarimeter. The two observations diﬀer about the pixel
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size by a factor of 2 and also about the integration time. The observed regions were also diﬀerent. We
determine the typical ﬂux tube diameter in both cases and ﬁnd them in very close agreement. A recent deter-
mination of the ﬂux tube diameter can be found in Stenﬂo [2011], from HINODE/Solar Optical Telescope/
spectropolarimeter(SOT/SP) data analyzed with a diﬀerent method. In order to compare our method with
this one, we treated the same HINODE/SOT/SP data with the method and codes of Bommier et al. [2009] and
Bommier [2011]. In order to improve the quality of the results, we have applied pixel selection following
Borrero and Kobel [2011, 2012] by analyzing only those pixels where the linear polarization spectral maximum
is larger than 4.5 times the polarimetric noise level. In the present paper we retreat the THEMIS data also with
thepixel selection, but theprevious results are not stronglymodiﬁed. The found results for themagnetic ﬁlling
factor and spatial correlation for the inclination and azimuth, whichwe present, conﬁrm the results previously
obtained for the THEMIS observations. We derive the ﬂux tube diameter for the THEMIS and HINODE obser-
vations, which we ﬁnd in agreement with the ﬂux tube diameter of Stenﬂo [2011] and in agreement between
themselves. This is the object of section 3. It has to be noticed that the typical ﬂux tube diameter we derive
is not the result of the observation of one or several ﬂux tubes with individual results. It is instead an order of
magnitude derived from large samples of pixels analyzed with statistical methods.
This paper is the occasion to return to the description of our Milne-Eddington inversion method at the basis
of the UNNOFIT inversion code [Bommier et al., 2007]. In this code, we modeled the unresolved magnetic
structures by introducing a magnetic ﬁlling factor and a two-component Milne-Eddington atmosphere. The
originality of our method lies in the application of the Levenberg-Marquardt algorithm to both the magnetic
and nonmagnetic intensity proﬁles, together with the magnetic ﬁlling factor. In section 2, we ﬁrst describe
what is a Milne-Eddington atmosphere, what are the diﬀerent inversion techniques, and ﬁnally, what are the
diﬀerent approaches applied to determine the magnetic ﬁlling factor within the Milne-Eddington inversion.
2. Introduction of a Magnetic Filling Factor in the Milne-Eddington Inversion
2.1. The Milne-Eddington Inversion
The aim of this work is the retrieval of the astrophysical magnetic ﬁeld vector by interpretation of spectropo-
larimetric data. However, the theory of line formation in the presence of a magnetic ﬁeld provides the line
spectrum polarization given a magnetic ﬁeld vector, whereas what is needed for the interpretation is just the
opposite. That is why an inversion step is required to determine, given an observed polarization proﬁle, what
would be the magnetic ﬁeld vector responsible for it. Eventually, several diﬀerent magnetic ﬁeld vectors may
be responsible for the same emitted polarization. These are the ambiguities, among which is the so-called
fundamental ambiguity, in which two ﬁeld vectors symmetrical with respect to the line of sight lead to the
same emitted polarization. Then, a full magnetic ﬁeld vector determinationmust include the ambiguity reso-
lution, which is the last but not the least step of themeasurement. As for the inversion, this operation requires
an adapted algorithm to be performed. Two types of them can be envisaged.
Theﬁrst type is interpolation in agridofmodels,whichhas tobeﬁrst computedgivena series ofmagnetic ﬁeld
vectors. Examples of this type of method can be found in Bommier et al. [1981] for interpretation of the Hanle
eﬀect observed in solar prominences and Ishikawa et al. [2014] for chromospheric observations of the Hanle
eﬀect. A sophisticated algorithm for performing this kind of inversion is based on the principal component
analysis of the observed polarized spectrum. An example of such an analysis can be found in López Ariste and
Casini [2002] also for the Hanle eﬀect observed in solar prominences.
The second type of inversion algorithm is the Levenberg-Marquardt algorithm [Press et al., 1989], in which the
algorithm is able to tell how the searched formodel parameters have to bemodiﬁed in themodel for decreas-
ing the gap between the theoretical and observed signal. The algorithmmakes use of the partial derivatives
of the modeled signal with respect to the searched for parameters. These derivatives may eventually be
numerically evaluated. Besides the Levenberg-Marquardt algorithm, other algorithms have been developed,
which are aimed to perform a so-called global minimization, in particular, in order to avoid being trapped in
eventual local minima. Some global minimization techniques are the so-called genetic optimization method
(see an example in Lagg et al. [2004]). Another global optimization algorithm has been used by Asensio Ramos
et al. [2008] to build their Hanle-Zeeman inversion code HAZEL.
The Levenberg-Marquardt algorithm requires the computation of the partial derivatives of the signal with
respect to the model parameters. The lower is the parameter number, the easier is the calculation, also if
the model dependence of the parameters is analytical. This is the case of the Milne-Eddington atmosphere
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model, which will be described below in more detail, and in this case the inversion is usually denoted as
Milne-Eddington inversion. However, more sophisticated models have been used, which have a larger num-
ber of deﬁning parameters. In this case, the response functions of the observed signals to the parameters
have revealed to be fruitful for determining these partial derivatives, as exploited in the SIR (Stokes Inversion
based of Response functions) inversion code [Ruiz Cobo and del Toro Iniesta, 1992].
Following section 9.8 of Landi Degl’Innocenti and Landolﬁ [2004], the Milne-Eddington atmosphere model is
characterized as follows. The atmosphere is supposed to be plane parallel, semiinﬁnite, and in local thermo-
dynamic equilibrium (the source function in the line and continuum is the Planck function). The magnetic
ﬁeld vector (strength and direction angles), the absorption coeﬃcient (line and continuum), the line-of-sight
velocity component, the Doppler and natural width, all are assumed to be depth independent. The only
varyingparameter is thePlanck function,which is assumed todepend linearly on the continuumoptical depth
measured along the vertical 𝜏c
B = B0 + B1𝜏c
= B0
(
1 + 𝛽𝜏c
)
.
(1)
The Planck function then depends on the two parameters B0 and B1, but if the analyzed polarization proﬁles
are scaled to the continuum, ﬁnally, only one parameter, 𝛽 of the above equation, remains to be determined
for characterizing the atmosphere. In this atmospheremodel, the transfer equation for the polarized radiation
can be analytically solved in the presence of a magnetic ﬁeld. This was done by Unno [1956] for a normal
Zeeman triplet line J = 0 → J′ = 1, later on modiﬁed by Rachkovsky [1962, 1967] to take into account the
magneto-optical eﬀects. This is the well-known Unno-Rachkovsky analytical solution of the radiative transfer
equation for polarization as can be found in Landi Degl’Innocenti and Landolﬁ [2004, p. 415]. In the so-called
Milne-Eddington inversion, the Levenberg-Marquardt algorithm is applied to this solution for the retrieval of
the parameters, which are, namely, (1) the line absorption coeﬃcient 𝜂0; (2) the line central wavelength 𝜆0;
(3) the line Doppler widthΔ𝜆D; (4) the line natural width, or in practice the a coeﬃcient of the Voigt function
H(a, v); (5) the atmosphere Milne-Eddington parameter 𝛽 ; and (6–8) the magnetic ﬁeld vector coordinates
B, 𝜃, 𝜒 .
2.1.1. The Number of Independent Parameters
Although it would not be prerequisite that the number of searched for parameters exactly balances the
number of independent quantities in the analyzed signal, this is probably preferable. The question arises to
determine the number of independent parameters delivered by a spectral line observed in the four Stokes
parameters. In our opinion, this number is not so large because the line proﬁle is globally determined by four
quantities only, which correspond to the four ﬁrst parameters of the model, which are, namely, (1) the line
spectral depth with respect to the continuum (absorption line); (2) the line central wavelength 𝜆0; (3) the line
width; and (4) the line far wings, related to the a coeﬃcient of the Voigt function H(a, v). This assumes that
there is no Zeeman component splitting visible in the intensity proﬁle. In solar physics, such a visible Zeeman
splitting in the intensity proﬁlewould occur in sunspot umbrae only, when the Zeeman splitting is suﬃciently
larger than the Doppler width. In this paper, we rather consider the case of the quiet solar atmosphere and
internetwork. One spectral line observed in Stokes I provides these four parameters only as a global descrip-
tion of the line shape. As for the StokesQ,U, V proﬁles, when the ﬁeld is not too large (conditions given in the
fourth paragraph of section 2.2), they are not completely independent of Stokes I as for their spectral shapes;
see, for instance, the weak ﬁeld laws as described in Landi Degl’Innocenti and Landolﬁ [2004, pp. 402–403].
As a consequence each Stokes Q,U, V represents only one additional independent parameter each. Finally,
one spectral line observed in the four Stokes parameters provides only seven really independent parameters.
In practice, we experienced that the Milne-Eddington parameter 𝛽 remained undetermined. However, the
Milne-Eddington inversion was nevertheless working and validated by tests.
Increasing the number of simultaneously observed spectral lines is a hopeful way to increase the number of
independent observed parameters. The diﬀerent linesmay however be not totally independent. For instance,
if they are lines of the same multiplet, their absorption coeﬃcients may be interconnected, as well as their
Doppler widths and spectral positions. This question has to be more precisely investigated. Promising tests
have been done by Del Toro Iniesta et al. [2010] with the Fe I 6301.5 and 6302.5 Å lines. Although these lines
belong to the samemultiplet, thenumberof independent retrievedparameters seems tobe increased. Recent
observations in 12 spectral lines by Balthasar and Demidov [2012] enable the retrieval of a larger number
of parameters, which are assigned to the atmosphere model. In this case the inversion was performed by
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applying the SIR code [Ruiz Coboanddel Toro Iniesta, 1992] with a larger number of parameters describing the
atmosphere model.
2.2. Taking Into Account the Magnetic Filling Factor
The pioneering work by Stenﬂo [1973] revealed that the network magnetic ﬁeld is made of unresolved struc-
tures formed by strong ﬁelds concentrated in ﬂux tubes, which are embedded in amuch weaker or even zero
ﬁeldmedium. The analysis of two lines of diﬀerentmagnetic sensitivity but formedat the samedepth revealed
the existence of kilogauss ﬁelds. On the other hand, it is well known that the photospheric average ﬁeld
(outside active regions) is much weaker. This leads to the image of the kilogauss scattered unresolved ﬂux
tubes. As a ﬁrst approximation, this unresolved structure can be modeled by introducing a magnetic ﬁlling
factor 𝛼 in the model, which is assumed to be made of two components, which are, namely, (1) a magnetic
component with amagnetic ﬁeld B⃗ ﬁlling the 𝛼 fraction of space and (2) a nonmagnetic component with zero
magnetic ﬁeld ﬁlling the complementary fraction 1−𝛼 of space. In the future, more continuous ﬁeld distribu-
tion should be obviously envisaged for themodel. In the following, wewill describe how the two-component
model can be used in the frame of the Milne-Eddington approximation.
The mixing of the two components in the observed signal is achieved as follows:
⎧⎪⎪⎨⎪⎪⎩
I = 𝛼Im + (1 − 𝛼)Inm
Q = 𝛼Qm
U = 𝛼Um
V = 𝛼Vm
, (2)
where (I,Q,U, and V) are the four Stokes parameters, and the indexes “m” and “nm” stand for “magnetic” and
“nonmagnetic,” respectively. In theMilne-Eddington atmospheremodel, Im depends on the eight parameters
mentioned above
Im(𝜂0, 𝜆0,Δ𝜆D, a, 𝛽, B, 𝜃, 𝜒) , (3)
whereas Inm depends on the ﬁve ﬁrst parameters only
Inm(𝜂0, 𝜆0,Δ𝜆D, a, 𝛽) . (4)
In principle, these ﬁve parameters in Inm should be assumed to be diﬀerent from their corresponding ones
in Im, because the atmosphere inside the ﬂux tube is diﬀerent from the atmosphere outside, given the
presence/absence of magnetic pressure. One would then have 5+ 8 = 13 parameters, to which the 𝛼 param-
eter has to be added. This results in 14 parameters to be determined with the inversion. However, as also
mentioned above, one spectral line brings only seven independent parameters. Therefore, the determination
of the 14 parameters would require a multiline analysis.
In a ﬁrst step,webeganwith single-line analysis, togetherwith the simplifyingassumption that theﬁveparam-
eters of Inm are identical to the ﬁve ﬁrst parameters of Im. The number of parameters to be determined is
then reduced to eight, to which the 𝛼 parameter has to be added. This results in nine parameters to be deter-
mined from the inversion, which are still toomany, so that indeterminancy is to be expected. We investigated
the single-line Milne-Eddington inversion in these conditions in Bommier et al. [2007]. For doing this, we pre-
pared 183,600 test proﬁles by applying the Unno-Rachkovsky solution to a series of magnetic ﬁeld and ﬁlling
factor values (see the publication for details). Some theoretical noise typical of contemporary observations
was added to the test proﬁles. These test proﬁles were submitted to the Milne-Eddington inversion in the
two-component atmosphere simpliﬁed as described above. The parameters retrieved from the inversion can
then be compared to the theoretical ones, and the conclusions were as follows.
The number of parameters to be retrieved, nine, is higher than the number of independent parameters avail-
able in the polarized proﬁle, seven. An indeterminancy remains, which is that the magnetic ﬁeld strength
B and the magnetic ﬁlling factor 𝛼 cannot be individually determined (at least when the Zeeman splitting
remains smaller than the Doppler width—when the Zeeman component would be separated in the proﬁle,
additional information would be brought, which would enable the individual parameter determination). But
their product 𝛼B, which can be denoted as the “local average magnetic ﬁeld strength,” is correctly retrieved
by the inversion, as well as the ﬁeld inclination and azimuth. The test histograms, which conﬁrm this result,
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Figure 1. Sunspot of NOAA 11084 observed on 2 July 2010 at 01:00 by SDO/HMI. Inclination of the magnetic ﬁeld vector
with respect to the line of sight. (bottom) VFISV inversion assuming magnetic ﬁlling factor unity (i.e., homogeneous
magnetic ﬁeld). (top) Our UNNOFIT inversion assuming the presence of a nonunity magnetic ﬁlling factor.
can be found in Figures 4 and 5 of Bommier et al. [2007] for the Fe I 6302.5 Å line and Figures 6 and 7 for the
6301.5 Å line inversion. These magnetic ﬁeld vectors are well determined, although the number of retrieved
parameters, eight, remains larger than the number of independent parameters available in a single line. The
Milne-Eddington parameter 𝛽 is not really determined, but this surprisingly does not prevent a determination
of the ﬁeld vector coordinates, as shown by the tests.
The fact that the ﬁeld inclination and azimuth are correctly determined has an interesting consequence.
Figure 1 displays the inclination angles obtained by inverting sunspot data obtained with Solar Dynamics
Observatory/Helioseismic andMagnetic Imager (SDO/HMI) in the Fe I 6173 Å line. A cubic spline interpolation
was applied to the spectral data that aremade of six frequency points only. Two frequency points were added
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between each couple of initial frequency points, by using the cubic spline interpolation. The continuum was
taken at the highest intensity level of the six frequency points. Concerning the magnetic ﬁlling factor, it is
usually unity in spot umbrae and penumbrae, whereas it departs the larger from unity the farther from the
spot center. Figure 1 (top) displays the result of the two-component Milne-Eddington inversion as described
above. Figure 1 (bottom) displays the result of the very fast inversion of the Stokes vector (VFISV) inversion
[Borrero et al., 2011], which is also aMilne-Eddington inversion, also able of a nonunity ﬁlling factor but using a
diﬀerent approach. However, in Figure 1 themagnetic ﬁlling factor was forced to unity in the VFISV inversion.
It can be seen that in this case the ﬁeld inclinations are close to horizontal outside the sunspot, whereas
with our UNNOFIT inversion various inclinations are obtained, which were validated by the tests of Bommier
et al. [2007] in the frame of the existence of unresolved ﬂux tubes as revealed by Stenﬂo [1973]. The visible
diﬀerence between the ﬁeld inclinations retrieved with or without the hypothesis of nonunity magnetic ﬁll-
ing factor shows that the two-component inversion, even simpliﬁed, is mandatory for a correct ﬁeld vector
determination outside sunspots.
The two-component Milne-Eddington inversion as described above ﬁnally does not provide the magnetic
ﬁlling factor 𝛼. In Bommier et al. [2009, equation (6)], we proposed a method for determining 𝛼 in a second
step. Thismethod is based on theweak ﬁeld laws and on the ﬁeld inclination determination, which is correctly
performed by the inversion as mentioned above. This was applied outside active regions in Bommier et al.
[2009] and in Bommier [2011]. This is resumedandextended in the next section. The resultwas kilogauss ﬁelds
ﬁlling 1 or 2% of space, extending the network result of Stenﬂo [1973] to the quiet Sun.
Another approach was previously developed to solve the indetermination in the two-component Milne-
Eddington single-line inversion. This approach was proposed by Skumanich and Lites [1987] and Lites and
Skumanich [1990]. The magnetic ﬁlling factor 𝛼 is alternatively determined before the inversion. This requires
the prerequisite knowledge of the nonmagnetic proﬁle Inm. The authors propose to achieve this determi-
nation by averaging over the observed solar region. Either the whole region is averaged, or the less active
part of it, or the 8 pixels surrounding each pixel in quiet regions as done by Orozco Suárez et al. [2007] on
HINODE/SOT/SP data. Once the nonmagnetic intensity proﬁle is determined by averaging, 𝛼 is derived by
comparing this proﬁle to each pixel intensity proﬁle. Orozco Suárez et al. [2007] derive then hectogauss ﬁelds
ﬁlling a dozen percent of space, which is compatible with our result of kilogauss ﬁeld ﬁlling 1 or 2% of space,
given the result mentioned above that the two-component Milne-Eddington inversion determines only the
product 𝛼B, which is the “local average magnetic ﬁeld.” As for their 𝛼B, hectogauss ﬁelds ﬁlling a dozen
percent of space are equivalent to kilogauss ﬁelds ﬁlling 1 or 2% of space. The result about hectogauss ﬁelds
is not surprising, given the fact that we observed that the intensity proﬁle is rather variable from 1 pixel to
another one, which results in an average intensity proﬁle rather diﬀerent from the proﬁle in each pixel. This
results in nonvery small ﬁlling factors. Itmay also be remarked that themagnetic ﬁeld is anyways present in all
pixels, which has an always line broadening eﬀect. Accordingly, averaging over pixels does not suppress the
magnetic ﬁeld eﬀect. Our method, based on weak ﬁeld laws, is better found to determine 𝛼, and our result,
which we describe in the next section, is in agreement with Stenﬂo [1973].
3. Application: Flux Tube Diameter Inferred From Spatial Correlation in the
Observed Surface Magnetic Field
We observed the quiet Sun magnetic ﬁeld on the 5–6 July 2008 with the ZIMPOL mounted on the THEMIS
telescope [Bommier et al., 2009] and on the 25 July 2007 with the THEMIS polarimeter of the same telescope
[Bommier, 2011]. These observations were performed at disk center, which was void of any active region.
These are spectropolarimetric observations with the spectrograph slit positioned on the disk image. For the
ZIMPOL/THEMIS observation, the slit was let ﬁxed on the disk image, and several exposures were performed.
In these conditions, it is not possible to plot a 2-Dmap of the observed magnetic ﬁeld. The magnetic context
of this observation is given in Figure 2. The THEMIS/THEMIS observation was also located at disk center and
was composed on repeated small scans of the slit on the solar disk image. The longitudinal magnetic ﬁeld
is represented in Figure 3, where it can be seen that the observed region was essentially internetwork. The
magnetic context is given in Figure 4. Both observationswere performed during the activityminimum,where
the number of active regions is very low.
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Figure 2. Context of the THEMIS observation (ZIMPOL) performed at disk center on 5–6 July 2008. Longitudinal
magnetic ﬁeld.
The spectropolarimetric line proﬁles were inverted with the UNNOFIT code [Landolﬁ et al., 1984]. The code
accounts for the unresolved structure of themagnetic ﬁeld via the so-calledmagnetic ﬁlling factor, whichwas
introduced in the UNNOFIT inversion code as described above and in Bommier et al. [2007].
From test proﬁles, Bommier et al. [2007, Figure 4] show that the inversion is not able to provide 𝛼 and B sep-
arately, probably due to insuﬃcient incoming independent parameters. Nevertheless, the product 𝛼B, which
is the local average magnetic ﬁeld, is correctly retrieved by the inversion. Even if the result is well known for
the longitudinal magnetic ﬁeld component 𝛼B cos 𝜃, we have shown in Bommier et al. [2007, Figure 4] that
it applies to the ﬁeld strength 𝛼B. Bommier et al. [2009] and Bommier [2011] then introduce an independent
estimation of 𝛼 directly from the Stokes proﬁles by applying the weak ﬁeld laws as described in equations
(1)–(6) of Bommier et al. [2009]. The ﬁeld line of sight (LOS) inclination obtained by the inversion is used in
the weak ﬁeld law application. From the 𝛼B value determined by the UNNOFIT inversion and from the 𝛼 value
independently estimated from the Stokes proﬁles, the magnetic ﬁeld strength B can be ﬁnally derived.
Borrero and Kobel [2011, 2012] have shown that the quality of Milne-Eddington inversions is improved if pixel
selection is applied. Their recommended selection criterion is to retain for analysis only those pixels where
Figure 3. THEMIS observation at disk center in a quiet region on 25 July 2007 in the Fe I 6302.5 Å line. Longitudinal
magnetic ﬁeld. The color scale ranges from black to white from −92 to +92 G. The observations were composed of 15
repeated slit scans of ten 0.3 arcsec steps. The slit length was 16 arcsec, and the pixel size along the slit was 0.21 arcsec.
This map was corrected from anamorphosis.
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Figure 4. Context of the THEMIS observation (THEMIS polarimeter) performed at disk center on 25 July 2007.
Longitudinal magnetic ﬁeld.
the spectral maximum of the linear polarization degree
√
Q2 + U2∕I is larger than 4.5 times the polarimetric
noise level. We have reanalyzed both series of data by applying this selection. The new results are visible in
Figure 5 for the ﬁlling factor histogram (logarithmic scale), 6 for the ﬁlling factor as a function of themagnetic
ﬁeld strength (logarithmic coordinates), and 7 for the ﬁeld strength versus horizontality dependence. The
results are not very diﬀerent from the previous ones where no selection had been applied [Bommier et al.,
2009; Bommier, 2011]. The larger is the noise level, the higher is the selection eﬀect. We have diﬀerent noise
levels in our diﬀerent samples. We determine it by computing the standard deviation of Q∕I,U∕I, V∕I in the
line neighboring continuum. By so doing we have determined noise levels of 2× 10−4 in the ZIMPOL/THEMIS
data [Bommier et al., 2009] and 1.1 × 10−3 in the THEMIS/THEMIS data [Bommier, 2011].
For the ZIMPOL/THEMIS data, it can be seen in Figure 5 that the most probable value of 𝛼 in these data is
log 𝛼 = −2, which corresponds to 𝛼 = 0.01. The linear ﬁt in Figure 6 results in 𝛼 = 13∕Bwith B in Gauss, so that
the typical ﬂux tube magnetic ﬁeld is B = 1.3 kG in these data. For the THEMIS/THEMIS data, Figure 5 shows
that themost probable value of 𝛼 in these data is log 𝛼 = −1.7, which corresponds to 𝛼 = 0.02. The linear ﬁt in
Figure 6 gives 𝛼 = 32∕Bwith B in Gauss, so that the typical ﬂux tubemagnetic ﬁeld is B = 1.6 kG in these data.
We applied the same analysis method to the Fe I 6302.5 Å spectropolarimetric data obtained by HIN-
ODE/SOT/SP on 27 February 2007 in a quiet region at disk center. The longitudinalmagnetic ﬁeldmap is given
in Figure 8. It canbe seen that theobserved regionwas essentially internetwork. Themagnetic context is given
in Figure 9. This observation was also performed during the activity minimum. These data were also analyzed
by Stenﬂo [2010, 2011, 2012] and by Lites et al. [2008]. The magnetic ﬁlling factor histogram in Figure 5 shows
that themost probable ﬁlling factor is log 𝛼 = −1.5, which corresponds to 𝛼 = 0.03. The histogram decreases
less than does the THEMIS ones on the 𝛼 = 1 side. This is probably related to the polarimetric noise level,
which is higher in the HINODE than in the THEMIS data. Indeed, we ﬁnd a polarimetric noise of 1.7 × 10−3 in
these HINODE data. Once the ﬁlling factor is determined by applying the weak ﬁeld laws complemented by
the ﬁeld LOS inclination determined by the inversion as in Bommier et al. [2009], the magnetic ﬁeld B can be
BOMMIER UNRESOLVED MILNE-EDDINGTON INVERSION 8
Journal of Geophysical Research: Space Physics 10.1002/2016JA022368
Figure 5. Histogram of the magnetic ﬁlling factor derived from the weak ﬁeld laws following the method described in
Bommier et al. [2009]. The pixel selection of linear polarization spectral maximum larger than 4.5 times the polarimetric
noise level was performed following Borrero and Kobel [2012].
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Figure 6. Magnetic ﬁeld strength and magnetic ﬁlling factor derived following the method described in Bommier et al.
[2009]. A linear ﬁt was applied whose equation is displayed. The pixel selection of linear polarization spectral maximum
larger than 4.5 times the polarimetric noise level was performed following Borrero and Kobel [2012].
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Figure 7. Magnetic ﬁeld strength as a function of the horizontality, which is the angle between the ﬁeld vector and the
horizontal plane. The pixel selection of linear polarization spectral maximum larger than 4.5 times the polarimetric noise
level was performed following Borrero and Kobel [2012].
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Figure 8. HINODE/SOT/SP observation at disk center in a quiet region on 27 February 2007 in the Fe I 6302.5 Å line.
Longitudinal magnetic ﬁeld. The color scale ranges from black to white from −1450 to +1450 G. The scan step was
0.15 arcsec. The scan length was 108 arcsec. The slit length was 164 arcsec, and the pixel size along the slit was
0.16 arcsec.
derived from the inversion result that provides 𝛼B. For the HINODE data, the magnetic ﬁeld and ﬁlling factor
are found to behave as 𝛼=30∕B as given by the linear ﬁt in Figure 6, so that themagnetic ﬁeld corresponding
to the most probable value 𝛼=0.03 is B=1 kG.
The linear behavior of the scatterplots of Figure 6 results from the fact that 𝛼B is rather constant in the quiet
Sun. The log-log system of plot coordinates makes the linear behavior more pronounced.
An error evaluation was performed in Bommier et al. [2009]. The relative errorΔ𝛼∕𝛼 on the 𝛼 determination is
0.5 for theZIMPOL/THEMISdata [Bommieretal., 2009, equation (7)],whichhave thebest polarimetric accuracy,
and 0.9 for the HINODE data, which have a worse polarimetric accuracy. But the width of the 𝛼 histogram is in
any case larger than the inaccuracy, which shows that it reﬂects the variety of possible ﬁeld strengths, from a
few gauss to the kilogauss, that coexist in the solar atmosphere. The selection eﬀect is not very important in
the ZIMPOL/THEMIS results where 𝛼 is rather well determined, whereas it is more important in the HINODE
data where 𝛼 is only poorly determined. However, the results of all our samples are found in good agreement.
This shows that the selection eﬀect usefully compensates for the noise eﬀect.
In addition, the spatial correlation of the pixel averaged magnetic ﬁeld vector was studied in all the series of
data. The correlation was plotted separately for the inclination and azimuth angles. These plots are visible in
Figure 10 of Bommier [2011] for the THEMIS/THEMIS data and Figure 11 of Bommier [2011] for the ZIMPOL/
THEMIS data and in Figure 10 of the present paper for the HINODE data. Below, we discuss the correlation
length, which is the half width at half maximumof the spatial autocorrelation function. As we have separately
plotted the autocorrelation for the ﬁeld inclination and azimuth, we have to ﬁnally average between the two
cases to derive a unique correlation length. For the THEMIS/THEMIS data, the correlation length is 2 pixels for
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Figure 9. Context of the HINODE/SOT/SP observation performed at disk center on 27 February 2007. Longitudinal
magnetic ﬁeld. The grid mesh size is 166 arcsec at disk center, which is similar to the scan size. However, the disk center,
which is also the scan center, is 20∘ in heliocentric angle apart from the closest active region center, which is large.
the inclination and 1 pixel for the azimuth. Therefore, we consider that the ﬁeld direction correlation length is
theaverage,which is 1.5pixel. In theseobservations thepixel sizewas0.21 arcsec,which results in a correlation
length𝓁c=228 km. For the ZIMPOL/THEMIS data, we estimate from the bumps of the curve that the halfwidth
is 1 pixel for the inclination and 0.5 pixels for the azimuth,which leads to an average of 0.75 pixels. The ZIMPOL
pixel size was 0.53 arcsec. This leads to a correlation length 𝓁c=288 km. For the HINODE data, the half width
is 2 pixels for the inclination. For the azimuth, we ﬁnd that the average shape of the curve corresponds to a
peak half width of 1 pixel, even if the ﬁrst curve point after the central zero notably deviates from the average.
Thus, the average for the HINODE data is 1.5 pixels. The HINODE pixel size is 0.16 arcsec, which results in a
correlation length 𝓁c=174 km.
In Figure 7, it is shown that the weakest ﬁelds are the most horizontal ones and the strongest ﬁelds the most
vertical ones, in the two series of THEMIS data and in the the HINODE data. This leads us to describe the
photospheric ﬁeld as opening and connected ﬂux tubes. The question arises as to whether the magnetic 𝛼
fraction of a pixel ismade all in one piece or consists of several smaller and separate pieceswith fractional sum
𝛼. The fact that we observe a spatial correlation suggests the smallest possible number of separate pieces.
Considering then the all in one piece scheme, given a correlation length 𝓁c and amagnetic ﬁlling factor 𝛼, the
ﬂux tube diameter becomes 𝓁c
√
𝛼, whereas two adjacent ﬂux tubes lie 𝓁c apart. A similar expression can be
seen in equation (5) of Stenﬂo [2011], a paper to which we compare our results in the following subsection.
We thus obtain a ﬂux tube diameter 32 km and a ﬂux tube distance 228 km for the THEMIS/THEMIS data,
a ﬂux tube diameter 29 km and a ﬂux tube distance 288 km for the ZIMPOL/THEMIS data, and a ﬂux tube
diameter 30 km and a ﬂux tube distance 174 km for the HINODE data. The three values of ﬂux tube diameter
are in a remarkable agreement. Accordingly, we can claim that from diﬀerent observations we derive a value
of 30 km for the ﬂux tube diameter. For themean ﬂux tube distancewe obtain 230 km. For themean ﬂux tube
BOMMIER UNRESOLVED MILNE-EDDINGTON INVERSION 13
Journal of Geophysical Research: Space Physics 10.1002/2016JA022368
Figure 10. HINODE/SOT/SP observation at disk center in a quiet region on 27 February 2007 in the Fe I 6302.5 Å line.
Autocorrelation along the slit of the inclination and of the azimuth angles, following the method described in
Bommier [2011].
magnetic ﬁeld we have 1.3 kG for the ZIMPOL/THEMIS data, 1.6 kG for the THEMIS/THEMIS data, and 1 kG for
the HINODE data. We ﬁnally obtain 1.3 kG as a typical value of the ﬂux tube magnetic ﬁeld.
4. Comparison With Other Determinations
In a fundamental and pioneeringwork Stenﬂo [1973] determines typical ﬂux tube ﬁeld strength of about 2 kG
and diameter of 100–300 km in the network, from polarization ratios of two Fe I lines at 5250 and 5247 Å.
This result was later on fully conﬁrmed by Zayer et al. [1989], who obtain ﬂux tube ﬁeld strength between
1.5 and 2.0 kG and ﬂux tube diameter of 150 km in their cylindrical model, also in network regions and also
via this line ratio, which was complemented by another infrared line couple. We ﬁnd this result fully com-
patible with ours because our observations are located in the internetwork instead, where the ﬁeld may be
expected to be sparser with narrower ﬂux tubes of the same ﬁeld strength as we obtain. Stenﬂo and Harvey
[1985] observed various regions, from themost quiet oneswith no visiblemagnetic ﬂux to strong plages with
large Zeeman-eﬀect polarization. However, they similarly conclude that the ﬂux tube properties seem to be
rather constant, with ﬁeld strength about 1 kG, in particular, whereas the magnetic ﬁlling factor varies by a
factor of 6. In internetwork observations,Wanget al. [1985], who assume ﬁeld strengths of the kilogauss order,
obtain that the real size of the smallest visible elements is about 35–130 km,which is compatible alsowith our
result. Solanki and Stenﬂo [1984] also observed regions ranging from the quiet Sun to strong plages. On the
contrary, they used a large number of lines. They determined a rather constant ﬂux tube ﬁeld strength rang-
ing from 1.2 to 1.7 kG in all these regions, which is also fully compatible with the value we obtain.Muller and
Keil [1983] assimilated ﬂux tubes with network bright points. They determined a size of 0.22 arcsec, which is
160 km, for the bright points diameter observed at the Pic-du-Midi. This result is conﬁrmedby themore recent
observations at the Swedish Solar Tower by Berger et al. [2007]. With the Sunrise Filter Imager on board the
Sunrise balloon, Riethmüller et al. [2014] determined anobserved averagebright point diameter of 334 kmbut
obtained a 129 km diameter from a simulation (without degradation for simulating observations). As these
BOMMIER UNRESOLVED MILNE-EDDINGTON INVERSION 14
Journal of Geophysical Research: Space Physics 10.1002/2016JA022368
observations are located in the network, whereas ours are in the internetwork, our results seem in full coher-
ence for the ﬂux tube ﬁeld strength, which seems rather constant, as well as for the ﬂux tube diameter, which
seems quite smaller in the internetwork than in the network.
Stenﬂo [2011, Figure 11] analyzed the same HINODE/SOT/SP data as us. He derived a most probable ﬂux tube
diameter 26 km or 50 km, which depends on an extrapolation in the data treatment following Stenﬂo [2010].
Our result of 30 km is in full agreement with both possibilities. It lies in between. As for the ﬂux tube ﬁeld
strength he derives 840 G, which is not so diﬀerent from the value of 1 kG we derived for the same data.
Interestingly, Balthasar and Demidov [2012] obtained similar results about the simultaneous existence of
strong (1.5–2.0 kG) and weak (50–150 G) magnetic ﬁelds. The strongest ﬁelds were observed at a lower alti-
tude because theywere observed in the center of the disk, whereas theweaker ﬁelds were observed closer to
the limb, which corresponds to an inclined line of sight with respect to the solar surface, therefore to a higher
altitude in the solar atmosphere. Their observationswere performed during the solarminimumon 3 February
2009with the Solar Telescope forOperative Prediction telescope at the Sayan observatory (Russia). The spatial
resolution was not so large. Fifteen spectral lines were however simultaneously observed and analyzed.
A pixel selection based on the circular polarization level was performed. The spectropolarometric analysis
was done by applying the SIR code [Ruiz Cobo and del Toro Iniesta, 1992]. The high number of lines enabled
an analysis within a two-component atmosphere model weighted by a magnetic ﬁlling factor. The smaller
magnetic ﬁlling factors (0.005–0.041) are associated to the strongest ﬁelds, whereas ﬁlling factors larger than
0.5 are found for the weak ﬁelds, in excellent agreement with our results. This leads to the same image as ours
of vertical but opening kilogauss ﬂux tubes, thus forming a loop carpet made of ﬁeld lines, as also suggested
from observations byMartínez González et al. [2007, 2010].
Recently, Mein et al. [2016], by applying a measurement analysis based on polarization proﬁle moments
and Zeeman splitting, showed that unresolved solar magnetic ﬁelds seem not to be weaker than kilogauss
(see their Figures 14, 17, and 23), in full agreement with our result.
5. Conclusion
In this paper we have reanalyzed ZIMPOL/THEMIS and THEMIS/THEMIS data of Bommier et al. [2009] and
Bommier [2011] by applying them a pixel selection following Borrero and Kobel [2011, 2012] in order to
improve the reliability of the results. We have analyzed with the same methods HINODE/SOT/SP data of the
quiet Sun. In all these data we derive the magnetic ﬁlling factor independently of the Milne-Eddington inver-
sion. The inversion results display a spatial correlation comparable to the pixel size. We assumed that the
magnetic 𝛼 fraction of a pixel is made all in one piece. From the observed spatial correlation, we derive the
mean pixel ﬂux tube and average distance between ﬂux tubes from themagnetic ﬁlling factor and correlation
length values. We obtain very close ﬂux tube diameter values from our diﬀerent observations. We obtain the
mean value 30 km for the ﬂux tube diameter, 230 km for the average distance between ﬂux tubes, and 1.3 kG
for the mean ﬂux tube ﬁeld strength. This is similar to the minimum ﬂux tube width of 10 km estimated by
Priest [2014] on theoretical grounds.
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